Abstract: We consider N = 2 SU (N ) SQCD in four dimensions and a weak-coupling regime with large R-charge recently discussed in arXiv:1803.00580. If ϕ denotes the adjoint scalar in the N = 2 vector multiplet, it has been shown that the 2-point functions in the sector of chiral primaries (Trϕ 2 ) n admit a finite limit when g YM → 0 with large R-charge growing like ∼ 1/g 2 YM . The correction with respect to N = 4 correlators is a non-trivial function F (λ; N ) of the fixed coupling λ = n g 2 YM and the gauge algebra rank N . We show how to exploit the Toda equation following from the tt * equations in order to control the R-charge dependence. This allows to determine F (λ; N ) at order O(λ 10 ) for generic N , greatly extending previous results and placing on a firmer ground a conjecture proposed for the SU (2) case. We show that a similar Toda equation, discussed in the past, may indeed be used for the additional sector (Trϕ 2 ) n Trϕ 3 due to the special mixing properties of these composite operators on the 4-sphere. We discuss the large R-limit in this second case and compute the associated scaling function F at order O(λ 7 ) and generic N . Large N factorization is also illustrated as a check of the computation.
Introduction
The search for explicit tests of AdS/CFT correspondence has often induced new applications of old non-perturbative theoretical tools aimed at connecting the two sides of the correspondence.
From the point of view of the dual gauge theory, superconformal invariance implies that natural objects to be addressed are 2-and 3-point functions of primary fields. In the early studies of type IIB superstring on AdS 5 × S 5 dual to N = 4 SYM in 4d, particular attention has been devoted to the protected chiral sector where the supergravity limit is exact due to superconformal non-renormalization theorems [1] [2] [3] [4] [5] . Instead, more general unprotected operators have anomalous dimensions depending non-trivially on the 't Hooft coupling. Currently, they are efficiently computed by the Quantum Spectral Curve approach [6] [7] [8] .
Wilson loops are a (non-local) different class of gauge theory observables which are also particularly suited from the point of view of testing AdS/CFT. In N = 4 SYM, the relevant observable is the Maldacena-Wilson loop W (C) where the six scalar fields are coupled to the loop C in a locally supersymmetric way [9] . At strong coupling, W (C) has a clean dual representation as a disc string amplitude. In some cases, exact results for W (C) are available using supersymmetric localization [10] . Indeed, it was first conjectured that the 1 2 -BPS circular loop could have been captured by a matrix model [11, 12] . Pestun proved this claim in [13] by showing that the path-integral computing W (C) in S 4 can be obtained from the contributions at a finite set of critical points. This remarkable feature, due to supersymmetry, reduces the calculation to a finite dimensional (Gaussian) matrix model as first suggested in [11] . These exact results give strong coupling predictions that open the way to very non-trivial tests of the AdS/CFT correspondence, as in [14] .
If supersymmetry is reduced to N = 2, where the low energy effective action is captured by Seiberg-Witten theory [15, 16] , further exact results are available by exploiting once again localization [17] . Indeed, Pestun's analysis in [13] already includes the case of pure N = 2 and mass-deformed N = 2 * SYM on the 4-sphere S 4 . With respect to the N = 4 theory, there is an additional perturbative 1-loop contribution and instanton corrections encoded in Nekrasov partition function [18, 19] . The associated matrix model is no more Gaussian, but nevertheless may be treated efficiently. 1 Here we are interested in high order perturbative expansion of correlators of chiral primaries in N = 2 superconformal theories in 4d. Although not protected as in N = 4, chiral primaries belong to short multiplets and are annihilated by all right-chiral supercharges. This implies that, under operator product expansion (OPE), they have a (chiral) ring structure whose dependence on the marginal gauge couplings is non-trivial, and encoded in the coefficients appearing in the 2-and 3-point functions. In particular, it has been shown how to compute the full set of chiral two-point functions in N = 2 superconformal SU (N ) Yang-Mills theory with N f = 2 N fundamental hypermultiplets by localization [24] [25] [26] [27] .
In this context, the authors of [28] have recently reconsidered the study of particular chiral correlators of the form g 2n (τ,τ ) = (Trϕ 2 ) n (Trφ 2 ) n , ϕ ≡ ϕ(∞),φ ≡φ(0), (1.1)
is the complexified gauge coupling and ϕ is the complex adjoint scalar in the N = 2 vector multiplet. The 2-point function g 2n (τ,τ ) may be computed in the large R-charge limit where 2 g → 0, with fixed λ = n g 2 .
(1.2)
In the large n limit (1.2), it is possible to show that the following ratio is finite
3)
The function F (λ; N ) has certain special features discussed in [28] , like universality and exponentiation in the SU (2) case, and seems an interesting non-trivial object by itself. It has been computed at order O(λ 3 ) for generic gauge group rank N , and at order O(λ 5 ) for the specific values N = 2, 3, 4, 5.
From a general perspective, it is interesting that non-trivial correlators are found in the zero coupling limit, as soon as the R-charge is large ∼ 1/g 2 . Further motivation for the study of the limit (1.2) is that it falls into the general framework of semiclassical effective field theory description of strongly-coupled conformal theories in sectors of large global charge [29, 30] . 3 As shown in [24] , the correlator (1.1) obeys a Toda equation equivalent to the 4d version of the two-dimensional topological-anti-topological fusion tt * equations [43, 44] . In the analysis of [28] , this fact is used as check of the localization computations. In this paper, we consider the higher order calculation of the function F (λ; N ) for generic N . To this aim, we shall exploit the Toda equation as a strong constraint to control the exact R-charge dependence order by order in the weak coupling expansion. This approach will turn out to be quite effective for the calculation of the ratio (1.3) and its large R-charge limit. In particular, we shall present the expression of F (λ; N ) at order O(λ 10 ), valid for generic N . As a byproduct, our results support the exponentiation property observed for the SU (2) theory in [28] .
A further important issue concerns which type of correlators may generalize those in (1.1), while still admitting a sensible large R-charge limit in the regime (1.2). As we explained, it is quite important to control the R-charge dependence by a (possibly modified) Toda equation. For SU (N ) theories this simple decoupling of the tt * equations has been discussed in [25, 26] for the correlators 4) and expected to be valid for suitable chiral primaries Φ at 2-loops, but violated at 3-loops and higher order in general [26] . This is related to the mixing pattern that the conformal anomaly induces when chiral primaries are mapped from R 4 to the 4-sphere S 4 -where localization is naturally worked out. Here, we show that the case Φ = Trϕ 3 is special by exploiting the normal ordering properties of the composites (Trϕ 2 ) n Trϕ 3 and their relation with mixing [27] . We prove by explicit localization computations that the correlators in (1.4) obey in this case a modified decoupled Toda equation, first suggested in [25] . Besides, we exploit it to compute at order O(λ 7 ) and generic N the function F Φ expressing a ratio analogous to (1.3) . Large N factorization is also illustrated as a check of the computation. It would be interesting to extend these calculations to other gauge algebras and to more complicated correlators like the one-point functions of chiral primaries in presence of Wilson loops, recently treated by localization in [45] . Besides, it would be desirable to understand what is the meaning of the proposed large R-charge limit from the AdS/CFT perspective, i.e. whether it has a useful dual gravity interpretation.
The detailed plan of the paper is the following. In Sec. 2 we briefly recall the main definitions, previous results on chiral 2-point functions, and their large R-charge limit. In Sec. 3 we introduce the basic tools needed to compute chiral correlators by localization, the map to the matrix model observables, and also give some explicit examples at 5-loop order. In Sec. 4 we explain how to use the Toda equation to control the R-charge dependence in the (Trϕ 2 ) n sector and derive our main result, i.e. the function F (λ; N ) at order O(λ 10 ) and generic N . Finally, in Sec. 5 we discuss the sector (Trϕ 2 ) n Trϕ 3 , illustrate a modified Toda equation and test it against low level explicit correlators, and obtain the associated large R-charge scaling function at order O(λ 7 ) and generic N . Sec. 6 is devoted to a brief discussion of the large N expansion of our results. Various appendices collect technical details and further discussions.
Chiral correlators in N = superconformal theories
Four dimensional superconformal N = 2 theories admit chiral primary operators Φ I which are primary fields annihilated by half of the supersymmetry charges, [Q, Φ I ] = 0. In terms of the R-symmetry group SU (2) R × U (1) r , and dilatation eigenvalue ∆, they have vanishing SU (2) R isospin and abelian R-charge r saturating the unitarity bound ∆ = r 2 . 4 The 2-point function between chiral primaries is
where the coefficient g IJ depends on the marginal couplings. The operator product expansion is non singular and reads [48] 
where the chiral ring coefficients C K IJ enter the 3-point functions, as usual. If there are exactly marginal couplings, the space of marginal deformations has complex coordinates (z i ,z i ) and the infinitesimal change of the action δS = δz d 4 x O i (x) (plus a similar antiholomorphic part) preserves N = 2 supersymmetry if O i are dimension 4 descendants of chiral primaries ϕ i with r = 4. Their Zamolodchikov metric g i appearing in (2.1) is Kähler with a potential given by the logarithm of the partition function on S 4 regulated in order to preserve the massive supersymmetry algebra OSp(2|4) [49] 
If the partition function Z S 4 may be computed by localization, this provides the Zamolodchikov metric and the 2-point function of the ∆ = 2 chiral primaries. This approach has been exploited in [24, 50] discussing mainly the example of SU (2) SQCD, i.e. YM with 4 fundamental hypermultiplets. In that case, the chiral ring has one primary ϕ 2n ∼ (Trϕ 2 ) n for each dimension ∆ = 2 n, where ϕ is the complex adjoint scalar in the N = 2 vector multiplet. Formula (2.3) may be fully extended to compute the 2-point function g 2n (τ,τ ) in
where τ is the Yang-Mills complexified coupling
To this aim, the n = 1 input, taken from (2.3), is fed into the following (semi-infinite) Toda
This equation is a special case of the 4d analogue of the two-dimensional tt * topological fusion equations [43, 44] for the N = (2, 2) chiral ring and derived in 4d using superconformal Ward identities in [51] . 6 These results have been extended in [25] to SU (N ) SQCD, with N f = 2N massless fundamental hypermultiplets. The extension is not trivial because, altough there is again only one marginal coupling, the structure of the chiral ring is more complicated. In the SU (N ) theory, a generic chiral primary takes the form
The tt * equations are now an infinite set of coupled, non-linear equations for matrix-valued objects whose dimension increases with the conformal dimension. Due to the special nature of ϕ 2 = Tr ϕ 2 , which is the only one with ∆ = 2, it has been proposed that the tt * equations may be decoupled into separate Toda equations [25] . In particular this has been conjectured to happen for special primaries Φ -called C 2 -primaries -connstructed such that the two point functions g 
Relation (2.9) was tested at 2 loops 7 in SU (3) and SU (4) theories by using conventional Feynman diagrams, see for instance [52] [53] [54] . In order to push the test to higher order, in [26] is has been shown how to use localization for the computation of rather general chiral 2-point functions (and related extremal 3-point functions). 8 For each chiral primary ϕ i
5 To be precise, (2.6) may be mapped to the Toda equation by a simple change of variable. 6 Notice that the 2-point functions g2n are enough to compute the extremal 3-point function ϕ2m(x1)ϕ2n(x2)ϕ 2m+2n (y) due to the associativity properties of the chiral ring algebra. 7 To be clear, this means the correction O(g 4 YM ) with respect to the tree level value. 8 See also [55] for a discussion in terms of Alday-Gaiotto-Tachikawa duality.
(marginal or not) it is possible to deform the partition function on S 4 by a term associated with the complex coupling τ i such that 10) where N,S are the north and south poles of S 4 . Since N = 2 supersymmetry is preserved, it is possible to compute log Z S 4 (τ ,τ ) by minor modifications of the usual localization formulas at weak-coupling, especially when instanton corrections are not a concern as in our weak-coupling expansions.
A well known complication is that we are interested in flat space correlators, while (2.10) is computed on the 4-sphere and, due to conformal anomaly, there are important differences. This is expressed concisely in terms of a mixing
where R is the Ricci scalar. The explicit mixing coefficients may be found by a GramSchmidt orthogonalization of the operators on S 4 . 9 In general, this procedure leads to far from explicit results. One important exception is the case of g 2n in (2.4). In this case, in [26] it is shown that (Z ≡ Z S 4 )
For our purposes, an important remark is that (2.12) implies the Toda equation (2.6) [26] . Explicit 3 loop calculations carried on in SU (3) and SU (4) theories in [26] suggests that the generalized relation (2.9) is not valid at all orders for the C 2 primaries introduced in [25] , i.e. the tt * equations do not decouple. 10 
Large R-charge limit of N = 2 correlators
As we mentioned in the Introduction, the authors of [28] have recently proposed to study the chiral correlators g 2n in (2.4) by considering the zero gauge coupling limit g → 0 while simultaneously increasing large R-charge ∼ 1/g 2 , see (1.2) Working in SU (N ) SQCD, they proved that in this limit one has
In general, multiple trace operators are mixed with single trace operators, at finite rank N . A special solution at large N is discussed in [56] and applied to check the chiral primary correlator with a Wilson loop computed in [57] with a 2-matrix model proposal. The large N limit of correlators is also studied in [58] [59] [60] . 10 To clarify what happens, let us recall that the construction in [25] is based on the chiral primary tower
n OI , where {OI } is a basis for fixed dimension chiral primaries with definite orthogonality properties.
Its construction requires a rotation in field space that happens to be coupling-dependent starting at three loops. This extra τ,τ dependence spoils the decoupling property. An alternative point of view will be illustrated in Section 5, see also App. (C).
where F (λ; N ) is the asymptotic ratio to the N = 4 correlators defined in (1.3). In the following discussion, it will be convenient to define the fixed R-charge ratios
The perturbative expansion of F (g, n; N ) is in integer inverse powers of
One of the results of [28] are the explicit first two corrections
From this expression, we obtain in the limit (1.2), see (2.14),
Explicit results at order O(λ 5 ) are presented in [28] for the specialized cases N = 2, 3, 4, 5. At higher orders, the function F contains products of ζ-functions. Remarkably, for the SU (2) theory, one can write
with only simple ζ-functions in the exponent. This feature has been conjectured to hold at all orders in the small λ expansion. For N > 2, only terms involving ζ(3) are supposed to exponentiate, i.e. all dependence on the transcendental ζ(3) is captured by the first term in (2.18) and is independent on N , as follows from (2.16).
Localization computation of the chiral correlators
In this Section, we briefly recall the available tools to evaluate chiral correlators by localization, the map to the matrix model observables, and also give some explicit examples for later purposes.
Matrix model N = 2 partition function
Let us consider the N = 2 SU (N ) Yang-Mills theory with N f = 2N fundamental hypermultiplets (SQCD). The celebrated partition function resulting from localization reads [10]
where a n are the eigenvalues of the traceless N × N matrix a related to the vacuum expectation value of the adjoint scalar ϕ in the N = 2 vector multiplet. The function ∆(a) = n<m (a n − a m ) 2 is the Vandermonde determinant. The 1-loop contribution to the partition function is
Finally, Z inst is the Nekrasov partition function [18, 19] evaluated with equivariant Ω-deformation ε 1,2 parameters equal to the inverse radius of S 4 . In the limit (1.2) this contribution may be neglected and we shall not discuss it further.
The N = 4 case and Gaussian correlators
The partition function of N = 4 SYM is obtained by removing the 1-loop and instanton terms and evaluates to the simple expression
where G(N ) is the Barnes G-function. 11 For our applications, closely following the neat analysis in [27, 45] , it is convenient to rescale the matrix a in order to put the classical part of the partition function in standard Gaussian form e −Tra 2 . This requires
Going to the basis a = 
is chosen in order to have 1 = 1. Explicit calculations are performed by first applying Wick contractions to pair all a's. Then, contractions are computed by using the Gaussian matrix model relation a p a q = δ pq . This makes a pair of t appear and reduction is achieved by using standard SU (N ) identitities [27] . With the definition t n 1 ,n 2 ,... = Tr(a n 1 ) Tr(a n 2 ) . . . , (3.5) one finds up to level i n i = 8 the expressions
We remind that for integer N one has G(N + 2) = N n=1 n!.
3.3 N = 2 as a perturbation around N = 4 SYM As is well known, see for instance [56] , it is very convenient to obtain the N = 2 correlators from the N = 4 ones by simply expanding (3.2) using
and reconstructing products of higher order traces Tra n in the expansion. This procedure is straightforward and we find |Z 1−loop | 2 = e −S int with (see (3.5) )
Taking into account relations like (3.6) and the rescaling in (3.4), this gives immediately the relation between partition functions
Sample 5-loops chiral two-point functions
Chiral primaries may be computed by taking into account (3.8) and the normalization (3.9). Let us give some examples at 5-loop order. This will be useful in the following to explicitly test certain differential equations of Toda type. In this section, we consider the following chiral primaries on R 4
These are related to mixed operators on S 4 that we can express conveniently in terms of the matrix model multiple traces, see (2.11) ,
(3.11)
Here t n are as in (3.5) but we have made explicit the rescaling (3.4) to make g appear explicitly in the mixing coefficients. These are determined by Gram-Schmidt orthogonalization. For instance, one has in the above 12) and similar expansions for the other coefficients, as in
After resolution of mixing, correlators can be computed by simply replacing the r.h.s. in (3.11) and using the Gaussian correlators, cf. (3.6). Since we want to match the normalization in [26] for the 2-point functions of the form O n (∞)Ō n (0) , we also have to multiply the matrix model expression by 2 |n| = 2 n 1 +n 2 +... including also the factor ( g 2 4π ) |n| . In particular, let us present the complete five-loop expressions (with generic N ) of two correlators computed at 3-loops in [26] for N = 3 and N = 4. These are 14) and 16) extending the 3-loops results in Eq.(3.45) and Eq.(3.56, first line) of [26] . Similarly, specialization to SU (4) gives 4 Toda equation as a constraint: the function F (λ; N ) at O(λ 10 )
The explicit results derived in the previous sections are not useful for the study of the large n limit of g 2n . Indeed, the computational complexity grows quickly with n, and an analytic treatment of the n-dependence is mandatory. We now show that this is fully provided by the Toda equation. The tree level value of g 2n is equal to its N = 4 limit and reads [56] 
Explicit results, as in (2.16), suggest that the perturbative corrections takes the following form
where the constants A k and ξ p,q are functions of N , but not of n or the coupling. This simple structure may be plugged in the Toda equation (2.6). Remarkably, the Toda equation is strong enough to fix all these constants ξ p,q while the normalization A k remains free. For instance, the first two corrections in (4.2) take the form
The Toda equation may be imposed at high order in the perturbative expansion. In general, the coefficients ξ p,q have also a dependence on the constants A k . For instance, at the next order, one finds
The final expression may be evaluated at n = 1 in terms of the correlator g 2 which is related to the double derivative of the partition function. This allows to fix the constants A k . Explicitly, one finds the following first five values 12
12 Although algorithmic, the procedure requires some careful coding when pushed to high orders. 
The full expression of F (g, n; N ) is clearly unwieldy. With the definition
the k = 2, 3 terms have been written in (2.16). The next two are f 4 (n; N ) = 9 n (13 − 45n + 36n 2 + 36n 3 + 12(−1 + 3n + 3n 2 )N 2 + (11 Additional terms are increasingly more involved, but with roughly the same structure. At this level, we did not identify any simple regularity.
Large R-charge limit
From our results for the functions f k in (4.6) , we can take the limit (1.2). It is convenient to present the result in the following logarithmic form 13 in order to emphasize possible exponentiation properties At order O(λ 10 ), the functions F ( )
13 (N ) = 9) with the = 8, 9, 10 functions being written in App. (A). One can check that all terms associated with multiple products of zeta functions vanish for N = 2. For this value, our expression reduces to Given the effectiveness of Toda equation in the high order calculation of g 2n , it is natural to ask whether similar cases may be treated with the same approach. As we explained, the Toda equation is a consequence of the determinant representation (2.12). On the other hand, this appears to be related to the one-dimensional mixing structure of (Trϕ 2 ) n in the N = 4 limit. From this point of view, a special case is that of g Φ 2n , see (2.8) , where Φ = Trϕ 3 . To simplify notation, we shall denote this 2-point function by the special notation g 2n .
The important (easy) remark is that (Trϕ 2 ) n Trϕ 3 can only mix with similar operators with n < n in the N = 4 theory. This is clear from the normal-ordering interpretation of mixing discussed in [27] and relations like (pairing stands for Wick contraction)
This simple mixing pattern suggests the validity of the Toda equation (2.9), i.e.
Before showing how to use (5.2) to constrain the R-charge dependence, let us begin with some explicit check of (5.2) at low values of n. The correlator g 0 = Trϕ 3 Trφ 3 is the easiest since there is no mixing to account for. One finds, at order O(g 10 ),
The next correlator is
and has been computed in (3.15) . Working out the mixing coefficients appearing in the correlators for n = 2, 3 one finds the explicit results collected in App. (B). Plugging these results in (5.2) and taking g 2 from (4.1) and (4.6), one checks that the Toda equation (5.2) for g 2n is indeed satisfied at this order. The case of more complicated towers has roused some debate in the past. A detailed account of what happens to decoupling is discussed and clarified in a simple example in App. (C).
Using the Toda equation as a constraint for the g 2n
We can propose an Ansatz for the perturbative corrections to g 2n correlators similar to (4.2). It reads 5) where c N =
. Compared with (4.2), we see that in this case the corrections do not vanish for n = 0 because g 0 = Trϕ 3 Trφ 3 is clearly non-trivial. Again, imposing the Toda equation, we can fix all the η-coefficients but not the B k ones. For instance, one finds at first order
Matching the Ansatz (5.5) to the n = 0 case gives then
We carried on this procedure up to O(g 14 ). The ratio SQCD/N = 4 is now expressed by
where
[105(3 + 2n)(53 + 90n + 40n 2 )
[3465(1 + n)(3 + 2n) ( and so on. 14 
Large R-charge limit
In the large R-charge limit (1.2) we have the following expansion of the logarithm of the function F (λ, N ) = lim n→∞ F ( λ/n, n; N ) log F (λ; N ) = − 9λ 2 ζ(3) 10) where we have emphasized the ζ-functions. Compared to F (λ; N ), the ζ(3)-dependent terms again exponentiate and are independent on N . Apart from this, there are no further special simplifications for low values of N . The first non-trivial specialized cases are N = 3, 4 that give 15 log F (λ; 3) = − 9λ 2 ζ(3)
(5.11)
14 Again, the next functions are available under request. 15 Here it does not make sense to set N = 2 since the correlators g2n are zero due to Trϕ
This is consistent with c2 = 0 in (5.5).
Relation with large N factorization
Given our results that hold for all values of the R-charge n and gauge rank N , it is interesting to consider their large N expansion, see also [58] [59] [60] . To this aim, let us define in this section the conventional 't Hooft coupling λ = N g 2 , not to be confused with the large R-charge coupling in (1.2). We are interested in
where F (g, n; N ) is in (2.14). 16 Using the results in (4.6) , we find
with (we write only the first 7 orders, but we checked (6.2) at order O(λ 10 ))
21595ζ (5) N 2 , where we explicitly denoted that the dependence on n is the sum of linear and quadratic pieces.
A similar analysis for the function F which is the large N limit of the function F in (5.8) shows that (6.2) reads now log F n (λ) 5) where log F 1 (λ) is the expression in (6.3). Again, this implies the following large N factorization
Subleading corrections to large N may of course be extracted easily from the general expressions valid for generic N . 16 It is important to remark that absence of instanton corrections at large N is based on the assumption that the instanton moduli integration does not spoil the instanton action exponential suppression as g → 0.
In general, this may be a non-trivial issues, and instantons may lead to large N phase transitions, see for instance [61] . A test of this assumption in N = 2 SQCD is discussed in [21] where it is shown that the one-instanton corrections to the partition function leads to a √ N enhancement of the exponentially small instanton action factor. Thus, it is negligible at large N .
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A Functions F ( ) (N ) for = 8, 9, 10
Let us define
The functions F ( ) (N ) defined in Sec. (4) for = 8, 9, 10 are given by the following expressions.
7,9 (N ) = − 1276275(N 2 − 4)
17 (N ) = 29548805 B The correlators g 2n for n = 2, 3
The explicit expressions for the correlators g 2n for n = 2, 3 are 
(B.1)
C Decoupling violations and Toda equation for general towers
Let us clarify to what extent we may have decoupling and reduction to a single semi-infinite Toda equation for more general towers of the form Φ (n) = (Trϕ 2 ) n Φ with dim Φ > 3.
Although general discussions already appeared in [25, 26] , we consider here in full details the example of Φ = Trϕ 4 and consider in somewhat more details what is the fate of the would-be decoupled Toda equation. Compared with the case Φ = Trϕ 3 , an important difference -already visible in the N = 4 limit -is that Wick contraction inside Trϕ 4 brings back to the tower of the identity Φ = I. Let us work at the level of matrix model traces t n , cf. (3.5) and denote by : T :, the operator T with resolved mixing, i.e. after subtraction of the suitable contraction ordering contributions, i.e. as in the r.h.s. of (3.11). 17 At dimension 4 + 2 n, we can consider the two operators O n =: t 2,...,2 n ,4 : , O n =: t 2,...,2
n+2
: . (C.1)
These are natural in the sense that they map to the simple flat space operators
Besides, we can construct the operator
where κ n (g) is chosen such that O n O n = 0. The second term in (C.3) is a further subtraction unrelated to S 4 mixing, since the two operators have the same dimension. Instead, it is a loop corrected orthogonalization similar in spirit to the tree level diagonalization discussed in [25] , and shown to be problematic due to three loop corrections in [26] . Now, it should be clearly stated that the 2-point function of O n do satisfy the decoupled Toda equation (2.9), contrary to O n . So, decoupling is possible, but the point is that it is not achieved in a natural way because the coefficients κ n (g) in (C.3) depend on n. This means that, for instance, the large n limit has to take into account the extra n dependence in κ n (g).
To see this in details, let us work out the explicit expressions of the above operators at level n = 0, i.e. dimension 4. We find . (C.8)
As anticipated, the coefficient κ n (g) depends on n starting at three loops. Let us now show that the 2-point function g 2n of the O n operators is still captured by the Toda equation. We find (the tree level is known, see for instance [26] ) Using (C.9) and (C.10) , one can check that the first instances of the Toda equation (2.9) are satisfied. This includes the effect of the 3-loop ζ(5) terms which are responsible for the g-dependent mixing discussed in [26] . This means that it is easy to obtain closed expressions for the expansions in (C.10) by the methods discussed in the main text. For instance, the first correction in (C.10) is δ g 2n = − 3 [16 + 21 n + 6 n 2 + (4 + 3 n) N 2 ] 64π 4 ζ(3) g 4 + . . . , (C.11) while higher order corrections may be treated as we discussed the I and Trϕ 3 towers.
